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PARTIAL ANALYTICITY AND NODAL SETS FOR NONLINEAR 

ELLIPTIC SYSTEMS 

HERBERT KOCH AND NIKOLAI NADIRASHVILI 


Abstract. We study partial analyticity of solutions to elliptic systems and 
analyticity of level sets of solutions to nonlinear elliptic systems. We consider 
several applications, including analyticity of flow lines for bounded stationary 
solutions to the 2-d Euler equation, and analyticity of water waves with and 
without surface tension. 


1. Introduction 


For nonlinear elliptic equations and elliptic systems given by functions depending 
analytically on their arguments any sufficiently regular solution defined in an open 
domain is necessarily a real-analytic function. This classical result was established 
in the pioneering works of S. Bernstein H. Levy [1^, I. Petrovsky [2^ and 
Morrey Our goal is to generalize these results to nonlinear elliptic systems 
which are analytic with respect to a group of spatial variables: we assume that the 
dependence of the equations on spatial variables is real-analytic only for a part of 
variables. Under such an assumption we prove that the solutions are analytic in 
the same group of variables. We call that property the partial analyticity. 

We are interested in analytic solutions to nonlinear elliptic systems 


( 1 ) 


j 


djF^{x, Ui,Du) = fk{x, u, Du) ^ < k < N, 


where u : D ^ , D is a bounded domain in 

that and fk are defined on an open set 

U C R" X X R”''^ 


Fk and ft are real. We assume 


and we define 

a^i{x,u,p) = dpi^Fl{x,u,p) 

where {x,u,p) denotes a typical element of the domain of definition, which may 
sometimes be ambiguous since we also use u as a notation for a function «:£)—>■ 
R^. 


Definition 1.1. We call the coefficients {a^^i) € T^nxnxNxN if ffir all 0 ^ 

^ G R" the matrix 

n 

Akiio = E 

is invertible. We call (HD elliptic if there exists C so that 


1991 Mathematics Subject Classification. 35J47. 

The authors acknowledge support by the DFG through SFB 1060 and the Alexander von 
Humboldt foundation for the second author. 


1 




2 


HERBERT KOCH AND NIKOLAI NADIRASHVILI 


(1) The coefficients are bounded: \a]fi{x,u,p)\ < C. 

(2) The inverses are bounded: ||(Afc;(ai,u,^))“^|| < 


Let ni + 77,2 = n, 1 < ni,n 2 < n and denote x = {x',x") € x The 
main object of interest is analyticity with respect to x'. There are different equiva¬ 
lent dehnitions of analyticity: Bounds on the growth of derivatives, locally uniform 
convergence of power series, and extension to a holomorphic function on a complex 
domain. All this is qualitative, whereas proofs often rely on quantitative formula¬ 
tions of analyticity. 

With this notation we formulate the first main result where we consider a small 
perturbation of a constant coefficient system. This can be achieved by localizing 
and rescaling for partially analytic elliptic systems with regularity. Trivially 
every affine function u : M" —?> satisfies 

^ 5 , (aiidju^) =0 

for all k. We consider solutions as perturbations of affine functions. 


Theorem 1. Let 0 < s < 1, be elliptic, u e b G There exist 

5 > Q, p > 0 and e depending only on n and such that the following is true. If 
(i) Let 

V C X X X 

contain a 2e neighborhood of 


■ W 


ly 


,b] ,x = (x',x") G Bi(0), \y'\ < 5(1 



We assume that Ff, fk '■ V —>-0 are bounded measurable functions, holomor¬ 
phic in z' = x' iy', u and p for almost all x". 

(ii) The inequality 

\Fl{z',x",u,p)-Fl{z',x",u,p)-af^i{p-p)\ < p{\x"-x'f’^ + \u-^ + \z-z\)+e\p-^ 
holds in V. Moreover 


\\fk{,Z ,X ,U, p) II sup + ||L)u,p/fe llsup ^ P- 

(Hi) The weak solution u G C'°’^(il2(0),K^) to ([IJ satisfies 
||M(a:) - {u-\-b- ai)||co,i(B 2 (o)) < £■ 

Then the solution u has a unique extension to 

Bi := ^{x' + iy',x") : |(a;',a:")l < |y| < <5(1 - kH+j 

such that 

llu*^ - (u -f b{x -f i?/'))ILup.Bf + 11^^^^ - ^ILup.sf < 2e 
and u is holomorphic with respect to x' -f iy' for all x". 


Remark 1.2. By the Cauchy integral this implies estimates 
(2) |a“i:>„w(a:)| < c|a|!i?-l“l 


for every multiindex a corresponding to 

R = 6{l-\x\^)l/2. 
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We call u uniformly partially analytic if c and R can be chosen uniformly on com¬ 
pact sets. 

The smallness condition can be achieved if u, F and / are continuously differen¬ 
tiable at any point x by choosing a small ball around x and rescaling it to size 1. 
This will be done in detail in the proof of Theorem [3 There is not much we know 
about the size of S even in simple situations: Consider the homogeneous Laplace 
equation. Then we may choose any 5 < 1, but we do not know whether this is 
optimal, nor whether more is known. 

If 712 = iV = 1 much weaker smallness conditions are sufficient for a similar 
conclusion. 

Theorem 2. Letn > 2, (xn)) be a measurable one parameter family of bounded 

and uniformly elliptic coefficients, b € u S 2, 2)) and J C / C M 

intervals, where J is compact and I is open. Then there exist S > 0, e > 0 and 
p > 0 depending only on n, the bound and the ellipticity constant of the coefficients 
such that the following is true. 

(i) Suppose that the open set 

V c (C"i X K) X C X C" 

contains a 2e neighborhood of (with I corresponding to dnu) 

{(a;' -f iy',Xn,u{xn) b ■ {x' -i- iy'),b) : \x\ < 1, \y'\ < i5(l - |a;p)+} x I. 

We assume that Fff:V C are bounded measurable functions, holomor- 
phic in x', u and p for almost all Xn. 

(ii) The inequality 

\F'^{z',Xn,u,p) - F^{z',Xn,u,p) - {xn){pj - Pj)\ < p\u - u\ e\p - p\ 
holds for points in V and 

I/I + l-D„,p/| < p 

(in) Let u G C^’^(B2(0)) satisfy 

n — 1 

u{x) - {u{Xn) F^hjXj) 

J=1 



u(x„) - u(Xn) 


€ J 


and, in a distributional sense, 

diF\x, u, Du) = f{x, u, Du). 
Then u has a unique extension u^ to Sf such that 


' - ^ bj{xj + iyj)) + \\Du^ - {b, d^u) 

sup,Br 




< 2e 


and u is holomorphic with respect to x' F iy' for almost all x". 
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Remark 1.3. The analogous result holds for Dirichlet boundary conditions and 
for elliptic boundary value problems for a boundary given by = 0. The proof 
covers diagonal systems and general coercive equations if n = 2. Note however the 
following example. The function 

u(xi,X2) = arctan(a;i/a;2) 


is harmonic in X 2 > 0, it satisfies 


u{xi,0) 


■K12 

—7r/2 


if Xi > 0 
if Xi < 0 


=: h{xi). 


The derivative 


^2) 2 I 2 

xi + xi 


Ul T 0-2 

is unbounded. In particular it is not uniformly analytic in X 2 near X 2 = xi = 0 for 
fixed xi. A small modification gives a counterexample for homogeneous Dirichlet 
data. Let 


|^X2 

j{xi,X 2 )= / aTctan{xi/t)dt 
Jo 


It satisfies v{xi,0) = 0 and 


Av = 


a.Tcta.n{xi/t)dt + dx^ arctan(a:i/a; 2 ) 


A axctaii{xi/t)dt + h(xi), 


hence 

Av = h{xi), 0) = 0. 

Clearly d'^^v is not uniformly bounded and hence v is not uniformly analytic in X 2 
near Xi = X 2 =0. Notice that in the classical case of complete analyticity of the 
equation solutions are analytic up to the boundary \2B] . The example shows that 
for partial analyticity it is important that the boundary is tangential to the analytic 
direction. 


The main tool of the proof of Theorem [T] and Theorem is a complexification 
of the equation in a group of variables in which the analyticity holds. The classical 
approach of Levy, Petrovsky and Morrey is also based on the complexification of 
the equations, however their methods essentially used the whole set of variables. 
Our argument applies to any number of variables and it gives an independent proof 
of analyticity for analytic elliptic boundary value problems. 

Corollary 1.4. Suppose that F and f are analytic in all arguments, u G 
satisfies the elliptic equation 

diF\x, u, Du) = f{x, u, Du). 

Then u is analytic. The same result holds for analytic elliptic boundary value 
problems. 

Proof. The first statement follows from Theorem [T] with 712 = 0, possibly after 
localizing to a small neighborhood of a point and rescaling. We did require n 2 > 0, 
but there is no change of the proof for 722 = 0. The argument for analyticity 
in tangential directions for boundary value problems is the same as for partial 
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analyticity, with the difference that the notion of ellipticity is harder to formulate 
and we refer to [ij and 221 for a discussion. 

The theorem of Cauchy-Kowalevskaja [l6| implies existence of an analytic so¬ 
lution for analytic Cauchy data. In particular it gives the correct bounds of any 
derivative in terms of the analytic Cauchy data. We use these bounds at each level 
Xn assuming that the boundary is given by = 0. □ 


Theorems [T] and [2] have important consequences for level sets of solutions u. 
Roughly speaking the regularity statement does not change if we do a coordinate 
change in dependent and independent variables, which interchanges the role of 
partial analyticity and analyticity of level sets. 

Theorem 3. Let n = ni + n 2 , N = n 2 , 0 < s < 1, U C ffi." be open and let 
u G be a weak solution to the equation 

diFl{x,u,Du) = fk{x,u,Du). 

We assume that 

(i) The open set V C K” x x contains the closure of 

{{x,u{x), Du{x)) : X S U}. 

The functions Fl(x, u,p) are continuous and the functions fk{x, u,p) are mea¬ 
surable and uniformly analytic with respect to x and p, more preeisely there 
exists R and c such that 

supRl“l \\d“pFl\\^^ < c and sup i?'"' sup \d“j,fk{x, .,p)| < c. 

Oi X,U,p,Cii x,p 

(a) The coefficients 

anix) = {x,u{x),Du{x)) 

dpi 

are elliptic. 

(Hi) Du has rank N in U. 

Then the level sets 

{x € U\u{x) = y} 

are uniformly analytic for all y on compact sets. Moreover Du is uniformly analytic 
when restricted to a compact subset of a level set: i.e. ifWC open, (f : W ^ 
R"^ is an analytie function whose graph is in U such that x' —>■ u(x', (fix')) is a 
constant function then 

X Du{x', 4>{x')) 

is analytic uniformly in the level. 

The continuity assumption can be relaxed if iV = 1. 

Theorem 4. Let u G be a weak solution to 

diF'‘{x, u, Du) = f{x, u, Du). 

Suppose that 

(i) The set V C R" x R x R" contains the closure of 

{{x,u{x), Du(x)) : X € U} 
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and, if {x,u,p) G V and {x,u,q) G V then also (x,u,p + t{q — p)) G V for 
0 < t < 1. The functions F and f are uniformly analytic in V with respect to 
X and p in the sense that there exists C,R > 0 such that 

i?l“l {\\d^^^F\x,u,p)\Uup + IP^VIII^p) < c- 

(a) The coefficients 

dF^ 

a'Hx) = -^{x,u{x),Du{x)) 
are uniformly positive definite. 

(Hi) u is uniformly monotone in the direction 0 ^ v € K”, i.e. 

, . u(x + hv) - u(x) 
inf ^^^ > 0. 

x,h ri 


Then all level sets of u in U are uniformly analytic. Moreover for almost all levels 
u is differentiable at this level set, and the restriction of Du to the level set is 
uniformly analytic on compact sets. 


In Section [2] we consider applications of Theorem [3] to problems from different 
areas of analysis. Even though the theorems are quite general and flexible we 
consider the techniques to be applicable in many more situations. This is illustrated 
in some of the examples where we rely on modifications of the proofs instead of an 
application of the theorems. 

The proof of the Theorems follows in the remaining half of the paper: Singular 
integral estimates in Section [3] state standard results and a crucial variant needed 
for Theorem [3] and Theorem 01 Partial analyticity for solutions to linear elliptic 
equations to the theme of Section 01 The corresponding result for nonlinear equa¬ 
tions follows by a standard fixed point argument in Section 01 where Theorem [H 
and Theorem 01 are proven. The paper is completed with Section 01 where Theorem 
01 and Theorem 01 are deduced from Theorem [1] and Theorem 01 via a change of co¬ 
ordinates - with the important feature that it involves dependent and independent 
coordiantes. 

The theorems of this introduction are the main abstract results and we number 
them by single digits. The remaining numbering is done counting within the section. 
We use the summation convention, but without a consistent use of upper and lower 
indices. 


2. Examples 


In this section we discuss several examples arising from different fields of analysis 
and physics. 

2.1. Lagrangian trajectories of fluid dynamics. Smoothness of streamlines 
(trajectories of material particles of the fluid) is a classical subject. For many 
hydrodynamical models solutions in Eulerian variables (velocity, pressure) are less 
regular than in Lagrangian variables. 

The study of regularity of streamlines goes back to the work of Lichtenstein 
Chemin and Serfati. For historical surveys of the problem see Majda and Bertozzi 
. With a maximal regularity approach the regularity of streamlines was settled 
in Serfati 241 and again taken up in Zheligovsky and Frisch and Constantin, 
Vicol and Wu Q . The authors proved that for the Euler equation of ideal fluid, for 
the quasi-geostrophic equation and for the Boussinesq equation that if the classical 
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solutions are defined on a time interval and have Eulerian velocities in e > 0 
then their Lagrangian paths are real analytic. 

On the OOTOsite extreme, existence of flow lines has been proven by Bianchini 
and Gusev under very weak assumptions on the velocity vector field. 

We discuss in more detail the Euler equation of an ideal fluid in dimension 2 
where we will obtain a related result under considerably weaker regularity assump¬ 
tions. Let 

v{t,x) = {vi{t,x),V 2 it,x)), t € K,x e 

be the velocity and p(t, x) the pressure of a solution of the Euler equation for an 
ideal fluid: 


f dvjdt + vVv = — Vp, in X R 
I div V = 0 in R^ X R 


For any initial data vg € Cg’^(R^), k = 1,2,..., 0 < s < 1 

v(x, 0) = vo(x) 


there exists a unique solution v(t, x) of (1) defined for all t G R such that for all 
teRve see [ 23 ,| 2 l[li]. 

The vector field v(x, t) defines a flow Zx{t) on R^, which is a one-parametric group 
of area preserving diffeomorphisms of R^. Let xq G R^. The curve Zxgit) G R^, 


y : t G R —y ZxQ^i) G R^ 


is called the streamline of a material particle with initial position xq of the fluid. 
From the results of Serfati 2^ it follows that if the initial velocity vq is in 
e > 0 then for any zq the map 7 is real analytic. The assumption that 
V G C^’®, £ > 0, is essential. The following is an instance of Theorem [3] where the 
assumptions on the regularity of v are considerably weakened for stationary flows. 


Theorem 2.1. Suppose that v is a hounded stationary solution to the 2-d Euler 
equation on the unit disc D and that there exists i5 > 0 with vi > 5. Then there 
exists pL = p{\\v\\l°°/ d) and a Lipschitz map 

Ip : |(a;i -f iyi,X 2 ) G C x R : |a;ip -f |yi//rp -f ^ C. 

It is uniformly holomorphic in zi for {zi,X 2 ) in compact sets, ip{0,X2) = X 2 and 
for almost all X 2 and all Xi 

(4) Vi{xi, 1 p{xi,X 2 ))lpxi{xi,X 2 ) - V 2 {xi, 1 p{xi,X 2 )) = 0. 

Moreover for almost all X 2 the map 

Xi v{Xi,ip{xi,X2)) 

is analytic, again uniformly in compact sets ( for xi and X 2 )- 

The identity ® implies that the vector field is tangential to the graph of Xi —>• 
ijj{xi,X 2 ) and that there is an analytic flow line. The simplest such flows are shear 
flows V = (i;i(ai 2 ), 0), with vi bounded from below and above. The flow lines are 
horizontal curves, and the restriction of the velocity to a flow line is defined for 
almost all X 2 , and it is constant and hence analytic whenever it is defined. 
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This theorem is vague about what we require from v to call it a solution to the 
stationary Euler equation, and this is an important point we want to clarify. The 
simplest definition would be a distributional solution to 


/ Si=i di{viVj) = -djp, in X M 

\ div n = 0 in X K 


but for technical reasons we are not able to work with this definition. There is a 
formulation which may be more relevant for the physical interpretation. Let 

e =p+ 

be the inner energy. Bernoulli’s law states that it is constant along flow lines. We 
calculate using Euler’s equation 


( 6 ) 


f VidiVi + V2diV2\ 


= {diV2 — d2Vi) 



The last vector is perpendicular to the velocity vector field and this implies Bernoulli’s 
law. The last identity can be rewritten in divergence form 

- vD) + d2(viV2) + die =0 

d 2 {]^{vl - vl)) + di{viV 2 ) + d 2 e ={) 

V • u =0 


Since the velocity vector field is divergence free there exists a velocity potential <f> 
/ ^2$ \ . 

with = ( g ^ since V • = 0, which is Lipschitz continuous if the velocity 

vector field is bounded. Then the system reads as 
1 


( 8 ) 


i9i($ 2 - <i>f) - 92(‘hi‘h2) + die =0 
i 92($1 - “ 9i(<i)i<i)2) + ^26 =0 


combined with 

Ae = i {dli{^l - $ 2 ) + - $?)) + 522(^1^2). 

This formulation is related to the one used by Delort and Evans and Muller 
M- Up to this point we did only use that $ S Now suppose that u € 

L°° CiW^’^ has integrable derivatives. Then by (O e has integrable derivatives and 
Ve and V<1> are linearly dependent. If in addition 92^* > <5 > 0 then e is a function 
of e = e($) for some function e and $ satisfies the elliptic equation 


(9) 92(i($? - $1)) - 9 i($i$ 2) + 92e($) = 0 

which, under the assumption that $ has integrable second derivatives becomes 


A$ = e'(<l>) 


for an integrable function e'. By a weak solution in Theorem 12.II we mean a weak 
solution to ([9]) for some local integrable function $ —;■ e. If (u, e) is a weak solution 
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to 0, if $ is the velocity potential and if z;i > k > 0 then Bernoulli’s law may be 
formulated as the requirement that e is a function of $ which implies (|^. 

The claim of the Theorem [Q is a consequence of Theorem 3] without assuming 
anything on e beyond local integrability. Only boundedness of the inner energy e 
has to be deduced from the upper and lower bounds on the velocity. 

Suppose that $ G (7°’^ and e be functions which satisfy (l9|) and $2 > 5. Then 
we obtain a bound on the oscillation of e in terms of 6 and the Lipschitz constant. 
We choose a non-negative test function h G C^(—l/2,l/2) and integrate h{xi) 
over ti < $ < ^ 2 - We apply the divergence theorem to (jH]) multiplied by h: 


-\D^\^2h{xi)dK^ 


'$=4 


t —12 




h{xi)- 


^i^2dxiHxi)dx 




/ <j?=t \J -f 


d'H^e{t) 


t—12 


t—ti 


and, after adding a suitable constant we obtain a bound on e, ||e||sup < C with a 
constant depending only on the Lipschitz bound on £)$ and <5. 


Corollary 2.2. (The maiximum principle for the argument of a stationary 
flow) Suppose that v G C{Q) is a continuous stationary solution to the 2-d Euler 
equation ^ on a simply-connected domain such that v ^ Q in Let xg G 
f2. Let argv be the (continuous) argument of the vector field v defined such that 
argv(xg) = 0. Then 

inf arg v <0 < sup arg v 

an 

with equality if and only if the direction of v is constant. 


Proof. The proof anticipates the main reduction for Theorem |4l It suffices to verify 
the claim in a small ball. Then, without loss of generality after a rotation there 
is a lower bound on the first component of the velocity vector. Let $ be the 
velocity potential. We introduce new coordinates (yi,y 2 ) = (a;i,d)(a:)) and express 
X 2 = u{y) as a function of y. Then 


Hence 


^ ^ M 0 \ 

dx ^X2) 


and 


dx _ / 1 0 

dy V^yi '^y2 


^V2 




~ ’ '^y2 




_$2 

2I ^2 x^) 2 \ ul J 




^2 


U 

u 


^1. 

2 

y2 


and 
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The Jacobian determinant of x —>■ y is $^2 = {uy^) 
functions 


Thus, for suitable test 


j + <^Xi‘^X2‘Px,dx 




1^1-Si 1 


Similarly 


and is a weak solution to 


y 2 

1 1 H- ^yi J 

2“2 S 2 - —‘Pyidy 


e{<^)ipx^dx = J e{y2)(Py2dy 


^yi ( ^yi \ J 

S2 — — ~ V’y2 j'^y2dy 


( 10 ) 


dy 




' 1 + u: 


Xy 2 - - ' -y2 

if and only if $ satisfies 

We differentiate equation (fTOll with respect to yi and denote v = Uy-^. Then 

di icd^djv) = 0 

where 


(a*^) = 


^y\ 

-I 2 


i+“f, 


It is positive definite since it is symmetric, the entry is positive and its deter- 
^y 2 


minant is As a consequence 


V = — 


2 x 


satisfies a maximum principle, and it assumes its maximum and its minimum at the 
boundary. The argument of the velocity vector field (up to an additive constant) is 

arctan 

^ ^X 2 ' 

and the claim follows since arctan is strictly monotone. Of course this argument 
is not rigorous since it requires regularity of u, but it can easily be replaced by an 
argument using hnite differences. □ 

We also have 

Lemma 2.3. Suppose that $ € C'^’^{Bi) satisfies 82 ^ > k > 0 and (jOj. Then 
(92^1*,—9i$) is a stationary solution to the Euler equation ([3]). Moreover there is 
a sequence {u^ ,p>) of smooth solutions to ([3]) with 

82 ^ 


<2 


-9i$ 


inf > 5/2 

and for any compact subset K C Si(0) 

82 ^ 


-9i$ 


^ 0. 


L^(K) 
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Proof. We transform the problem by the change of dependent and independent 
variables as above. For the transformed problem we can regularize see the proof 
of Theorem [H □ 

The authors do not know whether every bounded weak stationary solution to 
the Euler equations ([5]) with a lower bound on vi satisfies Bernoulli’s law in our 
formulation. The set of such solutions is however closed under weak* convergence 
in L°°, but the question of approximability seems to be difficult, and we seem to 
be missing tools to address this delicate question. 

2.2. Traveling water waves. The presentation here is related to the work of 
Constantin and Escher Q, who proved the first result in this direction assuming 
more regularity and required the flow to be partially periodic, with no flux boundary 
conditions at the bottom. 

Our result applies to all flow lines, not only the free boundary. Moreover we 
consider local in space solutions in contrast to the global assumption in Q , and our 
results also apply to capillarity waves i.e. those with surface tension. The interior 
case has been discussed in the last section. 

We consider a traveling gravity-capillarity wave in two dimensions in a moving 
frame of velocity c in the Xi direction. The stationary Euler equations with a 
constant vertical gravitational field in a moving frame are 

(ui - c)dx^vi + v-2.d^.^vx = -dxiP [vi - c)dx^V2 + V2doc^V2 = -9x2^ - 9 

dx,vi + d^^V2 = 0 Ap = -dl^vl - dl^vl - 2dl^^^{pjYV2) 

in a domain U. We assume that the boundary contains (this part we call upper 
boundary and free boundary) the graph of a function rj: We assume that there is 
an open interval V such that 

U C {{xi,X 2 ) G : ai2 < ri{xi),xi G E} . 

The boundary conditions at the free boundary (the graph of rj) are the momentum 
balance 

(12) p = Kn =-Kdx,(—7==) 

^ \/l + ’ 

where k is the surface tension and where P. is the mean curvature, and the dynamic 
boundary condition 

( 13 ) V2 = {vi - c)r]x 

which ensures that flow lines are tangential at the free boundary. 

Since the flow is incompressible there exists a stream function (j) so that V 2 = 
—dx^^ and vi = dx. 2 ^ + c. The stationary Euler equations can be rewritten in 
terms of $ as in the previous section, 


(14) 


dx^^l - dx.,{'ii^2) + dxip =0 
-9a:i($2^i) + dx^{^\) + dx.,p = -g 


We define the energy density 

e = ^(l^iP + \<^2\'^) + P + gx2 
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and the stationary Euler equations become 


(15) 


9x1 (^2$i) + =9x,e. 


By the dynamic boundary condition $ is constant on the free boundary. It is 
determined up to a constant which we choose so that $ = 0 at the free boundary. 
Again e is a function of $ and it is constant at the free boundary. We denote this 
constant by eo- 

The dynamic boundary condition becomes $ = 0 and the momentum balance is 


(16) 


+077 = k 9 x 


9x1 7? 


\/l + (9 xi7?)2 


- Co. 


We assume vi < c, i.e. a wave is faster than the supremum of the velocity of the 
particles. This implies that 9x2(() < —k < 0. Then the velocity potential $ satisfies 
again ([9|) in a set where the free boundary is given by X 2 = fj(xi). The boundary 
condition is 

e- gx2- 

We rewrite the problem as 


^9x2 ($i - $1 - 2 e($)) + 9 xi($i$ 2 ) = 0 in X 2 < 77 ( 0 : 1 ) 

( 17 ) i|v$|2+g,y = e + K 9 xi(—on 0:2 =77(0:1) 

v 1 T Vxi 

$ = 0 on X 2 = 77 ( 0 : 1 ). 

We introduce new coordinates ( 771 , 7 / 2 ) = ixi,(l){x)) and express X 2 = u as a 
function of y. Then we obtain the same equation as above for the bulk 

(?^) “ = ^vAy2), 

\ Uy^ / z \ Uy^ / 

combined with the boundary condition 

(18) 1 +eo = gu- ndy^ { ) 

Theorem 2.4. Let g, a S K. Suppose that the velocity field $ is the stream function 
of a bounded solution which satisfies (ED in an open set U as above together with the 
boundary conditions dm and dm- We assume that the horizontal velocity 0+9x2$ 
is below c. Then the flow lines and the free boundary are analytic. 

Proof. Let w = dy^u. It satisfies formally 

diod^djW =0 for 772 > 0 

djW — gw = — dx^ibdx^w) for 7/2 = 0 


where is the positive definite matrix 
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and 



- 3/2 


If K = 0 then the assertion follows from the boundary version with Neumann 
boundary conditions of the statements of the last section. We postpone the proof 
for the case k 0 to the end of the paper. □ 


2.3. The obstacle problem. We consider viscosity solutions to 

min{u, 1 — Au} = 0 

in an open set which is a concise formulation of the obstacle problem. Alternative 
formulations are 

u > 0, Au > 1, u{Au — 1) = 1 

as well as the variational characterization as local minimizers of 

J + udx 

subject to the constraint u > 0. Solutions have locally Lipschitz continuous deriva¬ 
tives. The contact set is defined to be AT = {a: : u{x) = 0}. Its boundary is the free 
boundary. The regular part consists of points xq in the free boundary such that in 
a neighborhood outside K possibly after a rotation 

dx^xr^u > K > 0. 

On AT one has Vu = 0. 


Theorem 5. The regular part of the free boundary is analytic. 

This is well known due to the work of Caffarelli and coworkers Q who prove that 
u € on the closure of the positivity set near a regular free boundary point. 
The regular free boundary is analytic by the work of Kinderlehrer and Nirenberg 
[l3| . Here we want to show that the obstacle problem fits into the context of this 
paper. 


Proof. Locally we may assume that the free boundary is the graph of a Lipschitz 
function Xn = pix'), and that the contact set is below the graph. Let v = 
Above the graph it is harmonic. It vanishes at the boundary. 

Moreover, if G with sufficiently small support, then 


J VvVcfdx 


VudnVfdx 


(19) 


dn4>dx 


lxn>V 



4>ix', r]{x'))dx' 


by an application of Fubini’s theorem. 

Then v is harmonic in the positivity set. It is Lipschitz continuous and the level 
surfaces are Lipschitz graphs. It satisfies 


u = 0 


and the conormal boundary condition 

d^v = -I 
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at the boundary where v denotes the exterior normal. 

Now let Ui = Xi, Un = V and w{y) = Xn- We change coordinates in equation 

(HU): 


J VxV ■ Vxy>dx 



Wy„dy 


Thus w is a weak solution to 

n — 1 


V-, 1 + Ey; id,wp „ 


with boundary condition 


dnW 


= 1 . 


This is a boundary analogue of Theorem 2] and it can be proven along the same 
lines. Alternatively we may write 


W = Xn + w, 


check that 


dfw + d, 


nW - 




i=l 


1 + 


= 0 


dnW-EU\djM^ ^ 

1 + dnW 

An even extension of w is a weak solution of an elliptic equation of the type con¬ 
sidered in Theorem 0] with a discontinuity at ?/„ = 0 and the claim follows from the 
proof pf Theorem [4] below. □ 


2.4. Harmonic maps. Let (M”, g) (A^^, h) be Riemannian manifolds with metrics 
gimdx’’dx'^ and ^. Let u be a map from M" to . A map 
u : M" —>■ is called harmonic map if its Dirichlet integral is a local extremal of 

the map. 

The preimage u~^{{y}) is called the level set to the level y. As a consequence of 
Theorem [3] we have 


Theorem 2.5. Assume is a real analytic Riemannian manifold, {N^,S) is 

a manifold with a metric 6 and k < n. Then all level sets of the continuous 
harmonic map u outside its critical points are real-analytic submanifolds. 


Proof. It is well known that continuous harmonic maps are as smooth as the data 
permit, which is here for all 0 < s < 1, see 0 . Let X G M", y = u{x) G A^^. 
We choose local coordinates near cc in M, denote the Laplace-Beltrami operator of 
M by Am, and denote the Christoffel symbols of the Levi-Civita connection on N 
by T;-^. The Christoffel symbols are continuous. In these coordinates the harmonic 
map equations i.e. the Euler-Lagrange equations of the Dirichlet integral can be 
written as 

AmUu = Y i'^)9aUidaUj. 
ot,id 
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The statement in local coordinates follows now from Theorem [TJ □ 

2.5. Nonlinear Schrddinger equations. Nonlinear Schrodinger equations of the 
type 

Du 

(20) *^ + Au = /(H)n, 

where u : ^ C, 17 C R", p > 0- This appears in many physical models: internal 

gravity waves, ferromagnetism, nonlinear optics and plasma theory, see 0. For 
/ = |up and ’+’ (1^01) is the Ginsburg-Landau equation. It also appears in nonlinear 
optics. Stationary solutions of (l20l) as well traveling wave type solutions satisfy an 
elliptic system (EB). The nodal set u ^({0}) is of particular interest. 

We do not require that / in (|^ is analytic. However, as a consequence of The¬ 
orem 2 we see that nodal surfaces of stationary solutions to (120)1 are real analytic. 

Theorem 2.6. Let u be a bounded complex valued stationary solution of (EOl) in a 
domain 17 C R".' 

(21) Am -I-/(|m|)u = 0 

with some continuous function f. Let T be a nodal set of u, z G T and real 
rank Du{z) = 2. Then in a neighborhood of zT is a n —2-dimensional real analytic 
surface. If D\u\^ ^ 0 and r > 0 then 

{x : |M(a;)| = r} 

is a real analytic surface of dimension n — 1. 

Proof. The first statement is an immediate consequence of Theorem [3l For the 
second statement we have to check the proof. First standard elliptic estimates 
imply that the function u is in C^. We fix a point xq with |M(a;o)| = r. Without 
loss of generality we may assume that u{xo) = r. Let 

w{x) = 3M(a:) 

Without loss of generality we assume that dx^\u\‘^{xo) ^ 0. We choose 
y^ = x^ iil<i<n = |m|, v{y) = Xn- 

A tedious calculation leads to the elliptic system of equations for v and w and an 
application of Theorem [T] implies the claim. We leave the tedious and instructive 
calculation to the reader. 

□ 

2.6. Free boundary problems of Grad-Mercier type. We consider a free 
boundary problem of the type arising from variational inequalities. Let 17 C R" be 
a bounded domain, and u G 1F^’P(17), satisfying. 


( 22 ) 


—Am -I- g{u) = 0, in 17 

M = (unknown) constant >0 on 517 

f ^ = -I 
J dQ dn 


where F = {a; G 17, u{x) = 0} is a free boundary. Equation (1221) is an equivalent form 
of the Grad-Mercier equation of equilibrium of plasma, see [ll| . The function 5 is a 
bounded but generically discontinuous function. At 0 function g has a discontinuity 
of the first kind. A typical example, g{t) = t for t > 0 and g{t) > C > 0 for 7 < 0, 


see 


Hi. 
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As a consequence of Theorem [4] we have 

Theorem 2.7. Suppose that 0 is a point in the free boundary T and Vit(O) 0. 
Then V is an analytic surface in a neighborhood o/O. 

Assume additionally in the theorem that n = 2, is a convex domain and u 
is a locally stable solution of a corresponding variational functional. Under such 
assumptions Cabre and Chanillo proved that a solution u of a variational problem 
has a single critical point. Thus as a corollary we have: under the above additional 
conditions to Theorem 0] the free boundary T is a closed analytic curve. 

2.7. Examples and counter examples for regularity. Let it be a solution 
of a semi-linear equation 

(23) Au = f{u) 

in a domain U C M". Suppose f & , Q < s < 1. For 0 < s < 1 the inner 

regularity of u follows from the standard Schauder estimates: 

It e C2+. 

For s = 0 standard estimates show that u lies locally in the Besov However, 

we show for some classes of solutions of equation (l23l) for s = 0 the implication 
u € holds true. 

Let u G oo(-^) Vu(xo) = 0, xq G D. We say that xq is a Morse point 
if It has a second differential at xq of the Morse type, i.e., there exists a quadratic 
form q{x) with non-zero eigenvalues such that 

q{x) - u{x - Xq) = o(|a;p). 

Lemma 2.8. Let u be a solution of (1231) . Suppose f G C®. If all critical points of 
u are of Morse type then u G . 

Proof. Critical points of Morse type are isolated. Let B C D he a ball in D and 
|it| > <5 > 0 in B. We assume that Vit ^ 0 in B and set ei{x) = Vit/|Vit| 

Tt = {x G B, u{x) = <}. 

Since by assumption Vit ^ 0 the level surfaces are regular, and they depend con¬ 
tinuously on t. By Theorem 0] the level sets Ft are locally uniformly analytic. Let 
H{x) be the mean curvature of the level set F„( 2 ,) at the point x. It is a continuous 
function of x. Now 

n 

Au = ^ ei^iCijdijU + Hde^u = f{u) 

and, since all terms besides the first are continuous, the first term is continuous as 
well, and all second derivatives are continuous. 

It remains to prove the theorem in neighborhoods of the critical points of the 
function u. Suppose that 0 G U is a critical point of u. Define Ua = u{ax)/of, a > 0. 
From the assumptions of the theorem 

Ua ^ U 

in C^{Bi) as o —>■ 0, where Bi C K" is a unit ball and 17 is a quadratic form with 
non-zero eigenvalues. Therefore Vua is bounded away from 0 in the spherical shell 
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Bi \ Bi /2 for all sufficiently small a. Thus \D‘^Ua\ is bounded in Bi \ B 1/2 for all 
small a and Ma —t 17 in and 

D^Ua D^U 

weak* in L°°. 

The level sets are uniformly analytic, and the same is true for the gradient 
restricted to the level sets. As a consequence second order derivatives containing 
one tangential direction converge uniformly. Since we can solve the equation for 
the remaining second order derivative D^Ua —^ D^U uniformly in Bi\Bi/ 2 . 

□ 

In [ 2 ^ H. Shahgholian raised a question: Is it true that a function u € which 
satisfies (|23)) with a continuous non-linearity / is automatically a function? 
Below we show that in Theorem 12.81 one can not drop the assumptions on the 
critical points of the solution. 


Lemma 2.9. There exists a continuous function f with values in [—1,0] and u € 
^^,oo(^i(0)) which satisfy 

(24) Alt =/(u) in Bi{0) 

and u{x) = X 1 X 2 for jxj = 1 which has no bound of the type Clxp. More precisely 
ii(0) = Du(0) = 0 and 

u{x) 

Proof. Let Q be the first quadrant of 

Q = {a: £ : a;i > 0 ,3:2 > 0 }. 


Let ui be a solution in Q of the Dirichlet problem 

Aw = —1, in(5ni?i(0) 

(25) ^ w = 0 ondQr\Bi{0) 

w = X 1 X 2 onQndBi{0) 


One easily checks that 


A{[(- ln(a;i -I- x^)) + l]a:ia:2} = -2 


a;ia;2 


X 


and that this function satisfies the boundary conditions. The solution u to 

AI = -l + AifL 

xf -I- X2 

with boundary data w{x) = 0 if |a;| = 1 or xi = 0 or 0:2 = 0 is given by 

1 /Re(a;i-I-ia; 2 )^l 


u{x 






r\2j 


-2 


- Re(a:i -I- ix 2 )^^'^ 


which is easily seen to be twice differentiable. Thus 

(26) w - [{-\n{xl + xD) + l]xiX 2 & 


has bounded second order derivatives. 

We will choose functions / with values between 0 and 1. By the maximum 
principle any solution (which will in general be non unique) is bounded from below 
by the positive harmonic function XiX 2 , and from above by w. For any sequence 
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of functions / converging to the negative of the Heaviside function the solutions 
converge to w. Hence, for A: G N there exists fk such that 

sup --2 > fc . 


We define 


The solution u satisfies 


fiu) 


= max 


fkju) 

k 


limsup —— > sup lira sup 1 = oo. 

x-s-o FT k x^o k\x\^ 


Suppose that the function / is extended oddly on R: f{t) = We chose an 

odd extension of the function u over the coordinate axis on The extended u will 
satisfy the equation Au = f{u) on Bi. The function u is continuously differentiable 
with Vu(0) = 0. Due to the lower bound u cannot be twice differentiable at 0. □ 


3. Singular integral type estimates 


We consider a linear elliptic system 

d.aZdjU^ = d.Fl 


with 1 < z,j < n and 1 < k,l < N which we write in divergence form. The map 
F —>■ Vu is a Calderon-Zygmund operator and the following estimates are standard. 

Proposition 3.1. Suppose that u has derivatives in U for some q < co and 


dia]f,djU^ = d^Fl 


Then 

\\Du\\lp < Cp\\F\\lp. 

Moreover, if the derivatives of u grow at most linearly and 0 < s < 1 then 


\Du{x) - Du{y)\ 

Sy \x-y\^ 


< csup 

x^y 


\F{x)-F{y)\ 
\x - y|« 


For 77,2 = 1 there is a variant to the first Holder estimate: We may restrict to 
difference quotients in the first n — 1 variables. We recall the notation {x',x”) € 
R”-! X R. 


Proposition 3.2. Suppose that 


inR”. If 
then 


= d,Fl 


iVul < c(l + |a;|) 


\Du{x',x")-Du{y',x")\ ^ \F{x',x") - F{y',x")\ 

k'-y'l® “ \x' - y'^ 


Proof. We formulate the crucial result for singular integral operators. 
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Lemma 3.3. Let 0 < s < 1. We denote a point in R" by {t,x) G R x R"“^. Let 
Cq be the homogeneous Holder space of Holder continuous functions with compact 
support and let 

T : ^^(R”) ^ L°° 

be a partial convolution operator with integral kernel k{T,t,x) (i.e. 

Tfit,x)= J k{T,t,x-y)f{T,y)dydT 
under suitable assumptions on the support) which satisfies 

\k(T,t,x)\ < — - - — 


\k{T,t,x) - k{T,t,y)\ < c . 

minj I (r 

and, if t r and R > 0 


\x - y\ 

t,x)\, |(r 




(27) 



k{T, t, x) dx 

(0) 


<cR^ 


Then T has a unique extension to T : L')°Cf —>■ L^Cf. , for 0 < s < 1 and it 
satisfies 


lTf(ty-Tnt.y)l ^ ^ 

t,x^y \x y\^ t,x^y \x J/|® 


Remark 3.4. We denote the seminorm by C®, 


ll/llcj = sup 

t,x^V 


\f{t,x) - fit,y)\ 
|x -?/|® 


We apply this to the Calderon-Zygmund operator 

/ ^ dfjU. 

As a homogeneous convolution operator of Calderon-Zygmund operator type with 
smooth kernel it always satisfies the first two conditions. The cancellation condition 
follows from the fact that the kernel is the derivative in one of the directions, unless 
i = j = n, but in that case we see that it is the sum of second derivatives by 
using the equation (the kernel is a solution to the equation with respect to the first 
variable, and to the adjoint equation with respect to the second variable away from 
the diagonal). Proposition 13.21 follows from Lemma 15751 which we turn to next. □ 


Proof of Lemma \S.S[ Let xi € R” ^ with |xi| = 1. The claim follows from the 
estimate 


(28) 


(fc(r, 0, xi-y) - k{T, 0, -y))/(T, y)dx dr 


<c|| 


\L'rci 


by translation in t, x and scaling. It is part of the assertion that the integral exists. 
We turn to the proof of (1281) . In a first step we show that it suffices to prove this 
estimate under the additional assumption f{t, 0 ) = 0. 
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Step 1: We fix 77 G supported in the unit ball Bi C R”“^ and identi¬ 

cally 1 in a ball of radius 1/2. Then by the cancellation condition and the pointwise 
condition on the kernel 


(29) 


/ k{T,0,x)r]{x/R)dx 

— 

/ fc(r, 0,x)dx 

+ 

/ k{T^{)^x)r]{x)dx 

J 




J Br\Bji ^2 


<CB-\ 


Let / G L'^C^ (where C® is the homogeneous Holder space with semi norm 
sup ) with compact support. We define for p > 1 

i?(t)=p(i+i/(LO)i)(i+ifn 


g{t,x) = f{t,0)r]{x/R{t)). 


k{T, 0, x)g{T, x)dx 


<C[P{1+\T\^)]- 


and 

Then by 

and hence 

\Tg{0)\ + \Tgixi)\ < cp~^ 

independent of /. It tends to 0 as p —)• 00 . As a consequence it suffices to prove the 
key inequality (1281) for / which satisfies f{t, 0) = 0, which we assume from now on. 
Step 2: Let h{t,x) = g{2{x — xi))f{t,xi). Then, using the cancellation condition, 
for X = 0 and x = xi, 


k(T,0,x- y)h(T,y)dy 


< c|/(t,a;i)| 


for |t| < 2. Let y = X[_i^i](t) and /2 = / — yh. It vanishes at a; = 0 and x = xi 
for |t| < 1 . Then 

\f{T,z)\ 


HT,-y)f2{T,y)dy 


<c J (|t| -k IpI) ”|y|®(ia;sup- 


<c|r|® ^ sup 


1/(^2;) - f{T,y)\ 


x^y I2; p|® 

which we use for |t| < 1. The same bound holds at a; = xi. Together 

\(T{xf)iO,xi) - (ry/)(0,0)| < c sup sup 

\t\<lx^y \x y\ 

We turn to |r| > 1 and estimate 


f ik{T, 0, -y) - k{T, 0, xo - y))f{t, y)dy 
JR"-1 


< 


ll/rd'^l + |y|) ” ^dysup 


\fiT,x) - /(r,y)| 


a-1 
I—2+s I 


x^y la; y|® 

<c|'rr^+1l/(L-)llc'qR—!)■ 

We integrate that estimate over R\(—1,1) and arrive at (l28ll . The proof extends 
to / G L°°C'®, and this allows to extend the assertion to the weak (distributional) 
closure of C® in that space, which is the whole space. □ 
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We may weaken the assumption at least in the scalar case. Consider 

dxX^it)dxjU = diF'- 

with measurable uniformly bounded and elliptic coefficients . We use the index 0 
for the coordinates corresponding to t. We use the same convention for the Green’s 
function as for the kernel above. 


Lemma 3.5. The Green’s function satisfies 

\d:dld>;g{r, t,x)\< c(|x| + \t - 
for k,l < 1 and all multiindices a. 


Proof. There exists a unique Green’s function G which satisfies 
G{{x,t);{y,T)) = g{T,t,x-y) = g{t,T,y - x) 
for some function g, 

\g{t,s,x)\ < c(|a:| + \s-t\f~’’ 

if n > 3, see Griiter and Widman 12|. Moreover we show that with 4r^ = |a;p + 
r“” / \^T,xg{r,t,y)\'^dyds < cr^~’’'. 

By a scaling argument it suffices to consider a ball of radius 1 around (to,Xo) with 
1^0 — sp + |a;o — yp = 4, and hence to bound 

|5“5^m(0,0)| < c„||u||l2(Bi(o,o)) 

for I < 1 and a solution u to the homogeneous problem in 82 - Recursive 
estimates imply the estimates for 

d:d‘u 

in for ^ < 1. This implies pointwise estimates for dfu in terms of the Lf norm. 
We rewrite 

dtg°^d,d°’u = -g’^dtd^d°‘u - g^^d^^d°‘u. 

The second term on the right hand side is bounded. The first term is in . 

Thus 

a°^djd^u 

is bounded and hence dtd°‘g is bounded in terms of the norm. The Green’s 
function is symmetric, and the remaining estimate for dtdrdfg follows by repeating 
the previous arguments. □ 


Proposition 3.6. Under these assumptions Provosition \3 holds. 


Proof. It suffices to check that the kernel bounds of Lemma 13.51 are sufficiently 
strong for the proof of Proposition 13.21 Only the cancellation condition is not 
obvious. As above the cancellation condition is immediate for df..x^g(T,t,x) and 
for dx.tg{T,x) and t,a;) since then the kernel contains a derivative in x 

direction. Only dtdsg{s,t,x) requires additional considerations. 

The Green’s function is a solution to the homogeneous problem away from the 
diagonal. Let 

u{t,x) = drg{T,t,x). 

It satisfies 

\u{t,x)\ < c(|t-T| + \x\y~’^ 
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and 

\dtu{t,x)\ < c{\t - t| + |a;|)“”. 

Moreover it is a solution to the homogeneous equation away from t = t and x = y 
hence 

(30) dt{a^^dtu) = —dadto^^^u — ^ daa^^dpu — ^ daa°‘’°dtu 

ct,/ 3 >l ct>l 

Let i? > 0. We want to prove for t ^ r that 



Ut{t, x)dx 


< cR-^ 


which is trivial for i? < |t — r|. Let t > r + i? without loss of generality. Then, by 
the previous formula and an application of the divergence theorem 


/ a^'^ut{t,x) dx 

< 

f daafi°‘udx 

+ 

f f (i? + s - T ) ” ds 

Jbr 


Jbr 


J bbr J t 


<CR-^. 


□ 


We conclude this section with some existence and uniqueness statements. 

Lemma 3.7. Let G C"* and f € L”/'* be supported in the unit hall. Then there 
exists a unique solution u to 


which satisfies 

and 

if n > 3 or 
and 


11-^■'^11 O '* ( R ") — ^ 


diafli{xn)dju’- = diFl + fk 

(ll^llc»(R») + II/IIl-a) 

M —> 0 as X ^ oo 

u(0) = 0 


|u| < c(l + |a:|®) 

if n = 2. Similarly, if a^^{xn) is bounded, measurable and uniformly elliptic, F* G 
C* with compact support and f G L"/® with support in Bi{0) then there is a unique 
solution u to 

diU^^djU = diF'" + f 


which satisfies 
and 

if n > 3 or 
and 

if n = 2. 


P«||cj<c(||F||cj + ||/|U~) 
M 0 as X ^ oo 
u{0) = 0 
|u| < c(l + |a:|®) 
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Proof. The convolution with the fundamental solution gives a function which sat¬ 
isfies the homogeneous estimates. The solution is unique up to the addition of an 
affine function. The condition fixes this affine function. The estimates in the in¬ 
homogeneous norm are a consequence of the bounds of the fundamental solution. 
The same arguments apply to the second part. □ 

4. Partial holomorphy for linear systems 
We consider the elliptic system of equations 
(31) diaffidjv} = diFl + fk 

on i ?2 (0) C M" under the assumption that the constant coefficients are elliptic and 
u G C'^’'*(i3i(0)) for some s > 0. 

We will consider partially analytic functions F and / which are given as partially 
holomorphic functions in a partially complex domain. Given d > 0 we define the 
complexified unit ball 

Bs = ^{x' + iy',x") : \y'\ < d(l - 

Definition 4.1. Let d > 0 and 0 < s < 1. We define the norms 

||F||c| = sup \\F{x'+ i0{l-\x\^)l,x")\\c‘(B2m’ 

eeR”i.|e|<<5 

||F||cj^= sup \\F{x'+ i 0 {l-\x\^)l,x”)\\c>jB 2 (o)), 

' eGR"i,|e|<5 

and 

ll/lkr = ll/IU“(B5)nL“(B2(0))- 

The corresponding function spaces are the spaces of functions for which these norms 
are finite, and which are holomorphic in z' = x' + iy'. 

Holomorphy is equivalent to the Cauchy-Riemann equations. The Cauchy in¬ 
tegral formula implies estimates for derivatives. It will be useful later on that we 
allow X in the ball of radius 2. Let F G C^. We define 

L [X + ly ,x ):= L [X ,x ). 

Proposition 4.2. Suppose that n > 2, and that the coefficients a*-! are elliptic. 
There exists Sq > 0 so that the following holds. Suppose that 0 < S < Sq, 

FGClfGLf 

and that G C^’^(B 2 ) satisfies 

= d,Fl + fk. 

Then there exists a unique partially holomorphic extension to Bs with 
Ih - «°(x)||cL. < c (d||n°||cL. + \\F - F°||C| + ||/ - /°||l~) • 

Proof. We consider only scalar equations of the type 

dia}^dku = f 

to simplify the exposition. The case of systems requires not more than obvious 
modihcations. We treat weak derivatives on a formal level. This can be justified 
by testing by a function in integrating, and checking that the derivatives with 
respect to the first ni derivatives always exist. 
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If u with Du € Cg is a partially holomorphic solution then the function (with 

1^1 < 

(x) = u(x' + id{l — |a;p)+, x") 

satisfies 

(32) :=dxX^dx,uO = fe 

where (with (/) = (!— |a;p)i^) 


(33) 


dx, =dx,-Y 


idxA 


79idx,. 


is elliptic provided <5o is sufficiently small. It will be useful to 


Equation 
consider 

= u^(x) — u(x) 

which we extend by 0 outside the unit ball. The function has compact support, 
and it is a solution to 

(34) - c^^)d,v^ + d,{Fl - F^) + {fg - /) - d,(al^ - a^^)d,u 

on K." with and the right hand side supported in i3i(0). A simple fixed point 
argument shows that this equation has a unique solution which satisfies 


as well as 

(35) 
and 

(36) 


|Vulc« < c(||F,* - F“||c» + II/, - fU^ + miDuWc^) 
Vv^{x) —>-0 as a; —>■ oo 
v^{xq) =0 at a chosen point Xg- 


This yields the estimate of Proposition 14.21 and it remains to verify existence of a 
partially holomorphic solution. 

For the existence argument we consider 0 € with |6*| < d and define ( and 
hence + u) as solution to (IM)l with the normalizing conditions ([M]) and 

(I5S1) where xg is a point outside the ball of radius 2 . We obtain a family of solution 
to dSll). Since we construct the solution via a fixed point argument respectively via 
an implicit function theorem (which we normalize by v^(xg) = 0 for a point xg 
with |a;o| = 2, and Vu® ^ 0 as a; —>• oo) and hence u® depends differentiably on 0 . 

The claimed bound for is an immediate consequence of elliptic regularity 
estimates. Partial holomorphy however requires an argument. In the next step 
we connect derivatives with respect to 6 to derivatives with respect to x. This 
connection is obvious if the solution u is partially holomorphic: Recall that 

u^{x) = u{x + i9(j){x)) 


Let 1 < T < ni and 

u := dg^u^ = i4>dz^u = icftOxL^^ 
where the second and third identity assume holomorphy and 

u := icjidxLU^■ 

We suppress 6 in the notation of u and ii. The Cauchy Riemann equations are 
equivalent to 


( 37 ) 


u = 
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which we have to verify without assuming holomorphy. An easy calculation shows 
that (see (|M|) for a definition of the vector fields) 

der.dxM^) = - 1 

hence differentiating the differential equation gives 


(38) L». = (<.“3x,.) + S . J ' 


idk4> 


■ 1 + iesjcf) 


One easily checks that 


dxA = 


l + iOVcj)' 
dxA 


l + z6»V<^’ 


and 


[dxj,dx,] = 0. 

As a consequence many of the expressions commute when we apply L® to u: 
L^u =dxja^^dxt, (icjidxLu) 


(39) 


=dxi a- 


jk_ 


idxk4> 

1 + iev(j) 


Olu + 


idxj(j) 

1 + z6»V0 


dx^a^’^dx^u + i<j)de^f. 


Solutions to equation (1381) with compact support are unique. Since ii—u is a solution 
with compact support to the homogeneous equation and since dg^f^ = i4>dxi,f^ 
for holomorphic functions / we obtain u = u. □ 


There are only minor changes in the scalar case with n 2 = 1 and for coefficients 
depending measurably on Xn- Consider 

(40) dia'-^ {x„)djU = djF^ + f 

where the coefficients are uniformly elliptic and measurable. 

Proposition 4.3. Proposition 14-^1 holds for (l40l) if we replace the function spaces 
by Cl g (with the obvious definition). 


5. Partial analyticity of solutions to the nonlinear equation 

There are two steps: First we prove that the Lipschitz solutions have Holder 
continuous derivatives. In a second step we characterize the solution as the fixed 
point of a fixed point problem in a complexioned set, where we use at each step of 
the iteration the results of the previous section. 

5.1. Holder regularity of derivatives in Theorem [TJ Let m be a Lipschitz 
continuous weak solution to the elliptic problem 

(41) diFl{x,u,Du) = fk{x,u,Du) in ^ 2 ( 0 ) 

under the assumptions of Theorem [1] 

Proposition 5.1. Under the assumptions of Theorem]^ there exists s > 0 so that 
weCi'«(H3/2(0)). 








26 


HERBERT KOCH AND NIKOLAI NADIRASHVILI 


Proof. The argument could be iterated to yield (partial) smoothness. This we do 
not pursue, but we will prove partial analyticity in this section. We rewrite the 
differential equation in terms v = u — u — b-x. It satisfies an equation of the same 
type, but with 

||u||co,i < e. 

Adding a constant if necessary we assume without loss of generality 

F*(0,0,0) = 0. 

We rewrite the equation (IdTll as 

dia^idjv'- = diG\{x, v, Dv) + fk{x, v, Dv) 
where by the assumptions of Theorem [T] 

||/fe(a;,u(a;),i:)u(a;))||Loo + \\Du,pfk{.x,u{x),Du{x))\\L°° < p 

G*(0,0,0) = 0 \GI{x,u,P 2 ) - Gl{x,u,pi)\ < £\p 2 - pi\. 

Let ui be the solution to 

dia^idju\ = fk{x,u,Du). 

For cr > 0 there exists a solution which satisfies 


\\Dui\\c„ < cp 

Then U 2 = u — ui satisfies 

diO^'^djU^ = 9iGl{x, ui + U2, Dui + Du2). 
Let h € K” be small and Vh = U2{x + h) — U2{x). Then 


diof^ d 4 Vh = dt 


f 9GI 

L dPj' 


{x, u, Dui + Du 2 + X{Dv^))dX djV^ + 


with 


iL* =G].{x + h,u{x + h),Dui{x + h) + Du2{x + h)) 

— G\{x^ u{x), Dui{x) + Du2{x + h)). 

Under the assumptions of the theorem 

||iL||c» < cp. 

Let ly be a cutoff function and w = pvh. Then by the Calderon-Zygmund estimate 

\\Dw\\lp < cp|/l|® + £\\Dw\\lp 


and hence 

\\Dw\\lp < c{p + e)|/i|L 

By Morrey’s estimate 

\\w\\^i-f < c{p + £)\h\^ 

and hence 

\u2{x + h) — 2 u2{x) + U2{x — h)\ < c{p + e)(|h|^“p + h’^)) 

with an exponent s if p is sufficiently large, h is small and x is in the interior. This 
bound implies 

This completes the proof. □ 
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Let w be a Lipschitz continuous weak solution to the elliptic problem 
(42) diFl{x,u,Du) = fk{x,u,Du) 

under the assumptions of Theorem [5J This requires only minor modifications and 
we state the result. 


Proposition 5.2. Under the assumptions of Theorem\^ there exists s > 0 so that 

Du&CI{B^/2). 

5.2. The nonlinear equation: Analyticity. In this subsection we prove Theo¬ 
rem [T] and Theorem [21 The arguments are again very similar. 


Proof of Theorem\^ We work under the assumptions of Theorem[Tl specifying sev¬ 
eral small parameters along the way. By Proposition 15.11 the weak solution has 
Holder continuous derivatives in 53 / 2 ( 0 ). We subtract bx + n(0) to reduce the 
problem to the special situation 6 = 0 and n(0) = 0. Let rj G C'“(53/2(0)) be 
identically 1 in 5i(0). Then 

u = rju 


satisfies 

diU^^djU = diF^ + f 

where 


F* = r]F'‘{x, (1 — r])u -I- v, D{{1 — ri)u) + Du) — djU + {djri)u 


and 


/ = {diT]) F^{x, u, Du) — ad^djU + r]f{x, (1 — ri)u + u, 5(1 — ri)u + Du). 


We characterize m as a fixed point of the map which maps v to the solution to 
(43) diod^djU = diF^(x, v, Dv) f{x, v, Dv) 

where we suppress the dependence on u, which is trivial in 5i(0). We normalize 
u by choosing a point xq outside the ball with u(xo) = 0 and require Vm —>■ 0 as 
X —!> 00. 

For small 6 and e to be chosen later we define 

A =|m G Cl’\U) : sup ||u®||ci(R") < 2e, 

|e|<5 

l|■*^^llcL'’(R") ^ ■w(xo) = 0, Vm(x) —5 > 0 as X —>■ oo| 

for some R to be chosen later. 

As in Proposition 14.21 


||5x — <c sup (\\F^{x,u^,Du^) — F{x,u°,Du°)\\c= 

|e|<5 ^ 

+ ||/®(x,n^5u®) - f{xy,Du°)\Uup). 

By the triangle inequality 

||F®(x' -I- i9{l — |xp)i)_, x", u^, Du^) — F(x, u, 5m)||c‘> 

< ||F®(x' -b iOil - \x\^)%,x", u\ Du^) - F(x, m®, Du^)\\cs 
+ ||F(x, M®, Du^) — F(x, u, Du)\\c‘'- 
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A straight forward estimate gives for p > e 

\\F<^{x' + ie{l - \x\'^)\,x", u\ Du^) - F{x, Du<^)\\c> < c(0 + (p + e)\\Du^\\c^) 
and 

||F(a;, M®, Du^) — F{x, u, Du)\\c‘ < (p + e)||i^u^ — Du\\c‘ 
which implies 

\\Du\\ci ^ c||m°||ci.'» + c(p + e)R 
We choose R = 2\\u^\\c^,s(^B^^^y The similar estimate gives 

\\D{u - ■u°)||l 2 < c(6» + (p + e)\\D{u - ■u°)||l 2 

and hence 

||£>(u - wo)||l 2 < c\0\ 

Lemma 5.3. Let \Bi\ he the volume of the unit ball. Then 

\\f\\sup<2\B,\-^^ 




Proof. Clearly 


\f{x)\<r^\\f\\cs + \B,\-\-- [ \f\dx. 

JBr(X) 


□ 


By Holder’s inequality 

\f{x)\<r^\\f\\^. + \B^\-^/\--/^fU.. 

We optimize with respect to r and arrive at the assertion of the lemma. 

Thus ^ 

\\D{u-u^)\\sup<c\9\-^-\\u°\\0~\ 

Choosing 9 sufficiently small implies 

\\D{u - U°)\\sup <£■ 

Then the fixed point map maps a ball in X to itself. It is easy to see that it is a 
contraction in the norm 

|2\3 ...//N 


sup||u(a:' +i9{l - |a:n+,a:")||iji. 
0 


Proof of Theorem [H There are only minor changes for Theorem [2j We define 

n —1 


□ 


~}{x) = u{Xn) + ^ b'‘Xi 


and define 

V = u — V 

Then 

Ikllco.qc/) < £ 

at least after choosing an appropriate possibly smaller set U. By Proposition 15.2 
for any multiindex in 

(44) \\d°‘'Dv\\sup < Ca'£. 

Moreover is a weak solution to 

(45) diof^ {xn)djU = diG^{x,u, Du) + dnH{x,u,Du) 
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with H as in the previous section. 

6 . The change of coordinates 


□ 


6.1. Theorem [T] implies Theorem[3j Let u G C^(17, K.^) satisfy the assumptions 
of Theorem |3l In particular we assume that (dx„ ^iU^)i<i,k<N is invertible. We 
define a diffeomorphism 

S : R" 9 X ^ p = (x', u(x)) G R”. 

The Jacobi matrix is 


lni,ni OniAI 

D'u D’'u I ' 



( 1 

0 

0 

1 

... 0 \ 
0 

D^{x)=(^) 






^X2 

<J 


We define v{y) = x" and T : y ^ {v'iv{y)). Then 

1/102 = 1 


and hence 


and, if 1 < A: < ni 


N 




/=1 

N 


Y^{dy^,+,v^)dxy = -d, 
1=1 

It is useful to write these formulas more compact as 


Vk ' 


Then 


D''uD'^v = 1 D”vD’^u = -D'yV. 
j F^{x',x",u,D'^u,D”u)di<pkdx = J G{{y,v,Dv)dy,(l>kdy 


Pi = V 

Gk{y,v,py = yyi) Fk{y',v,y'\-{p'')-^p',{p”)-^)detp''. 

Lemma 6.1. The weak system 

diG\{x, V, Dv) = g{x, v, Dv) 

is elliptic. 

Proof. We have to verify that 


(46) 


m 




Let A = {aij)i<ij<rn be a square matrix. Then, from the expansion of the deter¬ 
minant, if 1 < f,y, Z < n 

E , d det A , ^—A. d det T. , < e 

^ ^ detAlJy 
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and thus 

det D"vDE — 


( 


N , 
1=1 ^ 


det D"v Ir 


5det D V 

TT^Vi^ . 


0 . 


d det D V 


The identity (for 1 < m,kj < N) 
det D''v 


52 det D"v 


jm 




= 0 


is a consequence of the expansion of the determinant. We claim that for 1 < fc < 
( detp"l 0 \ 


N,1 < m < n 


0 =- 


A 

dp^ 


_ I a det p" I 

I ^ 9p‘^ Pj 

\l=ni + l 


(47) 


+ 


A 

dp) 


/ ni<m<n,l<j<ni 

detp"l 


( 3detp" \ 

V dpl^ ) 


n\ <j,m<n 

/ mj 

0 \ 


- E 

y y=ni + l 


a det p" 


Op: 


T^Pi 


f adetp"\ 

I dpf J 


ni <j,m<n 


/ ni<m<n,l< 2 <ni 

As a consequence of the considerations above the sum in (14711 vanishes for ni < 
hj ^ The claim is trivial for 1 < z,j < ui since only the block matrix on 
the lower left corner depends linearly on those coefficients. It remains to consider 
l<i<ni<j<n. The claim (l47l) follows now from 

9(dS(") d{dEf) ddetD"v 


d{dy-v^) d{dy,v'^) d{dy-v'^) 

d det D"v 


dim. 


d 


■E 


d det D"v 






^ ddQtD"v ^ 

^im rx/ o 


Then 


&SC*0=(det7^"u)-i(i^S^0.'0' 

- 


didy^v'^) d{dy^v^) 

dFl{x,v,-{D"v)-^D'v,{D"v)-^) 


d{dyy) 


□ 


and (06]) is an immediate consequence. 

To complete the proof we fix a point xq and define u^{x) = r~^u{{x — xo)/r). 
The smallness assumptions are satisfied if we choose r sufficiently small. 

6.2. Theorem implies Theorem ^ Specializing the previous calculation we 
obtain the transformed problem 


(48) 9jG*(y, u, Dv) = g(y, v, Dv) 

where with y = {y', y") 

G\y, V, Dv) = VnF^y', v, y”, -(Dtv)~^Dyiv, (Ai^)“^) 
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if 1 < I < n and 

G"(j/, V, Dv) = - v,F\y', v, y",-{Dtvy^Dy^v, (Dtv)-^) 

+ F"((j/', V, y",-{Dtv)-^Dy,v, 

g{y, V, Dv) = Vnf{y\ v, y",-{Dtv)~^Dy,v, {Dtv)~^). 

By the previous section the equation is elliptic. The notion of ellipticity in this 
scalar context simplifies to 




with 


a'Hy,v,Dv) = 


dG^{y,v,p) 

dp. 


Now we change the notation, replace n — 1 by n and denote y' by x and Xn = t, 
use the index 0 for the time component and denote G again by F and g by / so 
that the transformed equation becomes 

diF’’{t,x,v, Dv) = f{t,x,v,Dv) 


where F and / depend analytically on x, v and Dv uniform in t. Hence they admit 
an extension into a partial complexification of the domain. 

In order to apply Theorem!^ we have to ensure that 

n 

V - '^biX^ - vo{t) 

has a small Lipschitz constant for some constants b and a Lipschitz function vq. 


Lemma 6.2. There exists s > 0 so that 


All G G^ dtv G Gl 

Proof. For 1 < fc < n one obtains (to do it rigorously one has to consider finite 
differences) 

dia'‘^{t,x,v,Dv)dj{dkv) = + AfcT’) + 


and, by the Holder regularity result of De Giorgi, Nash and Moser 

dku e A 

for some s > 0. Now we apply Caccioppoli’s inequality in balls Br{t,x) to get 

\\Dt,xdku\\L^Br) < 


and hence 
This in turn gives 
and hence together 
In particular 


\\dkF^\ 


L^iBr.) ^ 




< cr2+® 1 
'Brix)\\L^ < cr'^' 


IJpO _ ^0 . . II ^ 




B^-kix) ^B^i-k(x) \ — 


< c2 


— ks 


and 


F° G G^ 
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By assumption we can solve 


X, u, Du) = f 


for dtu and get 

dtu = 4>(t,x,u, D'u, f) 

where (j) is analytic in all variables besides t. Thus 

dtu G Cl 


□ 


Decreasing the domain if necessary we can ensure the assumption of Theorem [2l 
Thus V is analytic with respect to x. The level surfaces at level uo are parametrized 

by 

y' -t {y',v{y,uo)). 

Moreover the derivatives of v are holomorphic with respect to x. The claim on 
analyticity of the derivatives holds since 

Ux„ = 

and, for j < n 

6.3. Water waves with surface tension. 

Proof of Theorem 1^-41 completion. If k 7 ^ 0 we observe that at the free boundary 

dy 




is bounded, hence Uy^^o G With a small modification of the proof of Theorem 

[2]we obtain Du G C®: we need an additional estimate for a linear problem in Lemma 
16.31 below. □ 


Lemma 6.3. Let {xn))i<i,j<n o,nd (&*'^)i<ij<n he bounded uniformly positive 
definite matrices. We consider the system 

n n 

Y, d,af^d,u = Y 

iyj—1 i—1 

in Xn > 0 with the boundary condition 

n—1 n—1 

Y di{P^dju) = Y ' 5 * 5 * on {xn = 0 }. 

i,j—l i—1 

Suppose that g has a holomorphic extension and that f has a partially holomorphic 
extension. Then the same is true for u and 


IIDmIIc; , < c(^l 

provided 6 is sufficiently small. 


Icf, + 


A similar boundary value problem has been considered in 151. 
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Proof. We first obtain the interior bound at the boundary 

\\Du\^^=o\\ci < c(l + \\g\\ci 
and then by the boundary analogue 

\\Du\\ci < c(||/||c| + Ms,5), 

compare the proof of the analogous statements Proposition 14.21 and 14.31 □ 

There is no change in the setting of Theorem |4]resp. for the water wave problem 
with surface tension. 
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